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Wave Number Frequency Spectra of a Lifting Wake

for Broadband Noise Prediction
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Measurements of wave number frequency spectra of velocity fluctuations have been made using two three-
component hot-wire probes in the wake of a rectangular NACA 0012 half-wing at a 5-deg angle of attack. Spectra
were measured along spanwise lines in the near two-dimensional part of the wake, in the stretched region where
the wake begins to wind around the vortex, directly above the vortex core, and radially from the core center.
Dominated by the large-scale organized motions present in the wake, the spectra show little similarity with the
von Karman isotropic turbulence spectrum. Outside the core, upwash spectra contain a single maximum at the
passage frequency of these large structures. Motions associated with this peak are highly anisotropic, both in terms
of velocity components and length scales. Similar anisotropy is also seen at higher wave numbers, suggesting either
that the smaller scale turbulent motions are organized by the large eddies or that the nonsinusoidal components of
those eddies contribute significantly to the spectrum at higher wave numbers. The implications of these results for
broadband noise prediction have been assessed by considering the sound radiation from this turbulent flow over
a semi-infinite flat plate. The major conclusion is that the correlation length scales of the flow are small compared
to the acoustic wavelength and so are well represented by their values at zero spanwise wave number. However,
the blade response function has a variation with spanwise wave number that cannot be ignored and significantly

influences the spanwise directionality.

Nomenclature

= chordlength of wing, 8 in. (203 mm)

= speed of sound

= half-span of the noise generating blade [Eq. (8)]
= cross-spectral density [Eq. (1)]

= nominal streamwise wave number, w/ U,
= reference wave number /7T (%)/ r (é)/L
= spanwise wave number
=reference/integral length scale

= blade response function [Eq. (12)]

= wake half-width

= spanwise upwash length scale [Eq. (6)]
M = Mach number

U, = freestream velocity

u,v,w =velocity componentsalongx, y,z

x,y,z =coordinatesdefined in Fig. 1

= probe separation in the y direction
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D,y = full wave number frequency spectrum [Eq. (3)]
Duww = pointwise wave number frequency spectrum [Eq. (2)]
w = angular frequency

I. Introduction

ROADBAND noiseis generatedwhen an airfoil passes through

turbulence. To predict the radiated noise it is necessary to
model the interaction of the turbulent flow with the body. This diffi-
cultproblemis usually solvedby linearizingthe governingequations
and then examining the response of the foil to an infinitely extend-
ing sinusoidal upwash gust. The response to the full turbulent flow
is then obtained as a linear sum of sinusoids over the wave number
frequency spectrum of the turbulence, this representing the distri-
bution of spanwise length scales as a function of frequency seen by
the leading edge as it cuts the turbulent flow.

One of the problems with this approachis that there are no estab-
lished methods for predicting the wave number frequency spectrum
of turbulent flows. Most experimental and theoretical studies of this
descriptor have dealt exclusively with homogeneous isotropic tur-
bulence. Out of necessity, therefore, broadband noise predictions
usually assume a homogeneousisotropic turbulence type spectrum,
e.g., von Karmdn, even though it is rare for the turbulent flow pro-
ducing the noise to fit either of these forms.

Our purpose is to examine the implications and accuracy of this
necessary but drastic assumption. To do this we present measure-
ments of wave number frequency spectra in a representative tur-
bulent flow, compare these with a von Kdrmén spectrum, and then
assess the implicationsthat the differenceshave for broadband noise
prediction.

II. Flow

As the representative flow we choose the wake of a lifting rectan-
gular wing. In many applications broadband noise is generated by
interactions between airfoils and wake type flows. A lifting wake
contains many of the features, both simple and complex, often found
in such flows.
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Fig.1 Schematic of the wind-tunnel test section showing the coordinate
system; coordinate z and corresponding upwash velocity component w
are directed out of the paper so as to complete a right-handed system.
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Fig.2 Contours of axial turbulence normal stress #2/U%, X 10° mea-
sured 10 chordlengths downstream of the wing leading edge and two-
point measurement locations: points A-D locations of fixed probe and
adjoining lines L1-L4 traverse directions for movable probe.

The flow, documented and discussed in detail by Miranda and
Devenport,'? was generatedin the 3 x 2 x 20 ft* test section of the
Virginia Tech Subsonic Wind Tunnel using a rectangular planform,
NACA 0012 half-wing (aspectratio 6) at an angle of attack of 5 deg
and Reynolds number 3.2 x 10° (based on the 0.203-m chord ¢)
(Fig. 1). The wing was mounted at the midheight of the test section
and extended two-thirds of the distance acrossits 3-ft width. Bound-
ary layers on both sides of the wing were tripped to avoid instability
associated with transition and to increase the Reynolds number of
the axial wake. Detailed three-component velocity and turbulence
measurements were made using a four-sensor, hot-wire probe over
the wake cross section 10c downstream of the leading edge.

Figure 2 shows the overall flow structure at this station in terms
of contours of axial turbulence normal stress normalized on the
approach freestream velocity U,,. Coordinates y and z that define
positions in this crossflow plane have their origins at the vortex
center. The wake consists of a small concentrated vortex core, of ra-
dius 3.9%c, surroundedby a circulating velocity field that winds the
wing wake into an ever increasing spiral. Far from the vortex core
(y/c> 1), the flow is similar to an equilibrium two-dimensional
wake and nearly homogeneous in the spanwise y direction. Mean
velocity and turbulence stress profiles through this part of the wake
resemble those measured by Wygnanskietal.,> Townsend,* Antonia
and Britz,> and others in equilibrium two-dimensional turbulent
wakes. The half-thicknessof the wake here (defined as the distance
from the wake center to the point where the mean axial velocity
deficit is half its centerline value) is 0.083c. Autospectraof upwash
w velocity fluctuations (Fig. 3) measured near the wake centerline
in this region have a form much like those presented by Antonia and
Britz.’ Among other features, they display a peak at a nondimen-
sional frequency K¢ = wc/ Uy of about 20 presumably generated
by the passage of the predominantly spanwise-oriented eddies that
one expects to dominate the instantaneous flowfield.

Moving outboard (in the negative y direction), the wake comes
under the influence of the mean flowfield of the vortex, subjecting it
to increasinglateral stretching, curvature,and skewing. These influ-
ences are documented quantitatively by Miranda and Devenport.!-2
The dominant effect is lateral stretching. Consistent with earlier
studies, such as that of Keffer,® stretching thins the wake and ap-
pears to organize and intensify the dominant spanwise eddies. This
leads to some increasein axial turbulencelevels to a maximum near
y/c =0.2,z/c = —0.4 and an enhancing of the coherent-structure
peak seen in the w autospectrum (Fig. 3). Moving farther along the

Fig. 3 Autospectra of upwash
velocity fluctuations at locations
A-D; see Fig. 2.
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spiral wake, turbulence levels start to fall as the wake continues to
thin and weaken. Although it is not apparent in Fig. 1, this drop
in turbulence levels continues as the core is entered. The increase
in turbulence levels seen in the core region in Fig. 2 is actually
produced by vortex wandering the slow side-to-side motion of the
vortex that causes the high-velocitygradientsin the core to appearas
large turbulencelevels. Using techniquesdeveloped by Devenportet
al.,” Miranda and Devenport'-2 estimated the rms vortex wandering
amplitude about 0.35%c. The true turbulence structure in the core
center is to some extent visible in velocity autospectra measured
there (location D, Fig. 3). Compared with spectra measured in the
spiral wake (locations A, B, or C), these show very high spectral
levels at low frequencies K¢ < 20 associated with wandering but
much lower levels at high frequencies K,c > 200, indicating that
the core may be devoid of smaller turbulence scales and perhaps
may be laminar. Devenport et al.” show via several other methods
that this is, indeed, the case. One interesting feature of the spectra
is that they show substantial energy in core-center velocity fluctua-
tions in the midfrequency range 20 < K, ¢ < 200. Devenport et al.”
hypothesizedthat this was inactive motion (including, perhaps, core
waves) produced as the core was buffeted by the surrounding wake
turbulence.

Mirandaand Devenport"~ presentedmany other results, not least
adetailedsequenceof velocity and turbulenceprofiles perpendicular
to the spiral-wake centerline. Our central focus here, however, is
on two-point measurements made in this flow and implications of
those measurements for broadband noise prediction. The two-point
measurement locations are shown in Fig. 2.

t1.2

III. Two-Point Hot-Wire Anemometry

Measurements were made using two Auspex Corporation minia-
ture four-sensor hot-wire probe, type AVOP-4-100. This type of
probe, consisting of two orthogonal X-wire arrays, was chosen be-
causeit is capable of simultaneous three-componentmeasurements
from a relatively compact (0.5 mm?®) measurement volume. It also
overcomes some of the gradient error problems associated with a
standard triple-wire probe in trailing vortex flows.®° Sensors were
operated using Dantec 56C17/56C01 anemometer units (matched
frequency response better than 20 kHz) interfaced to an IBM AT
compatible computer using an Analogic 12-bit HSDAS-12 analog-
to-digital converter and a series of buck and gain amplifiers of cali-
brated frequency response.

Probes were calibrated separatelyfor velocity and angleresponse.
Velocity calibrations were performed frequently in the freestream
using King’s law to correlate the wire output voltages with the cool-
ing velocities. Angle calibrationswere performed periodicallyusing
the direct method of Devenport et al.” and Wittmer et al.,” which
involves placing the probe in the potential core of a uniform jet and
pitching and yawing over all likely flow angle combinations from
+45 to —45 deg.
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Fig.4 Probe holder used for two-point measurements; note angling of
probe mounts to reduce minimum separation.

Two-pointmeasurements were performedusing the specially con-
structed probe holder shown in Fig. 4. This holder includes a com-
puter controlled traverse used to adjust the spanwise separation of
the two probes. The holder was mounted in the two-axis wind-tunnel
traverseso thatthe y and z locations of both probes could be adjusted
independentof their separation.

Extensive probe interference studies using the two-probe support
were performed by Miranda.!° The supportand probes were placed
at variouslocations around and within the vortex while helium filled
soap bubbleswere used to visualizethe center of the vortex core. The
core and the flow surrounding it appeared completely undisturbed
by the probes and the holder at the measurement point. Miranda'®
also made velocity measurements to examine interference. He did
find an effect but it was small, producing at most a 0.7% change in
the measured mean velocity for the smallest probe separation. The
approximate magnitude of this effect was predicted by Devenport
et al.” using a potential flow model of a single probe.

IV. Data Acquisition and Analysis

Four sequences of two-point measurements were made on four
spanwise (y direction) lines through the flow to reveal the flow as it
wouldbe seen by a hypotheticalblade cutting the wake (Fig. 2). Data
were takenin the near two-dimensionalportion of the wake (point A,
line L1, Fig. 2); the stretched part of the wake, around the maximum
in turbulence levels (point B, line L2, Fig. 2); the highly curved and
strained portion of the wake found above the core (point C, line
L3, Fig. 2); and radially from the core center itself (point D, line
L4, Fig. 2). For each sequence of measurements one of the probes
was held at a fixed point (points A-D) while the other probe was
traversed to a number of locations along the intersecting horizontal
line (linesL1-1L4). Ateach probeseparation,1003072-pointrecords
were recorded for each of the eight simultaneous sensor signals at
a sampling frequency of 50 kHz and over a total measurement time
of some 2 min.

By angling the probes toward each other (by about 2 deg each)
in the probe holder (Fig. 4), it was possible to make measurements
with the center points of the two-probe measurement volumes sepa-
rated by only 3 mm (0.0158¢). (The instantaneous velocity vectors
measured by the probes were, of course, rotated back during pro-
cessing to account for this misalignment.) A very small minimum
separation is desirable when making two-point measurements be-
cause it enables one to fully define the cross spectrum as a function
of separation even at high frequencies. Separations of the present
probes of less than 3 mm were considered too risky, however, and,
given the 0.8-mm diameter of their measurement volumes, unlikely
to produce meaningful results. Furthermore, as will be discussed,
the minimum probe separation was not found to be a limiting factor
in determining wave number frequencyspectra. Measurements were
made typically to a maximum probe separation of about 65 mm at
a total of about 70 separations.

Measurements were first processed by taking the fast Fourier
transform (FFT) of the velocity time-series signals and using them
to compute the cross spectrum between the fixed and traversing
probes as a function of probe separation y’, e.g.,

Guw(y, Y @) = lim (/D E[w*(y, 0wy +y, )] (1)

where y denotes the spanwise location of the fixed probe (x and
z being implicit) and similar expressions for # and v. Note that
the coordinates and components used here are defined in Fig. 1.
Typically 150 realizations of the 1024-point FFTs were averaged
to form the expected value, sufficient to produce a smooth, low-
uncertainty spectrum.

These cross-spectral functions were then further processed by
Fourier transforming them with respect to y’. The resultis a point-
wise wave number frequency spectrum about the fixed probe loca-
tion y:

Uoo . ’ — jkyy' ’
¢ww(Kx»k,\’7 Y) = E'/‘ wa(%y,w)e I dy (2)

where K, = w/U,,. Note that, because measurements were made
only for positive separations y’, it was necessary to assume sym-
metry of the cross spectrum, i.e., even real part and odd imaginary
part, with y’ to perform this transform. As a result the calculated
¢, Were entirely real.

It is important to realize that in some situations this pointwise
spectrum differs from the full wave number frequency spectrum
used to characterize homogeneous turbulent flows in broadband
noise predictionschemes, e.g., Ref. 11. A rigorous definition of this
spectrum is the double Fourier transform of the space-time velocity
autocorrelationfunction, i.e.,

U 0o 0o 1 T/2 R/2
&, (K, k) = — lim — w(y,t
(Kes k) 472 ,/;oo ,/;oo T'—o RT /;T/Z /;R/Z o0

Xxw(y+y,t+1t)dyds et emikvy' dr dy’ 3)

which may be rewritten in terms of the two-point cross spectrum
Guw(y, ', ) as

U 00 R/2 o,
D, (K., ky) = —w/ / Guuw(y,y, ®)dye /oY dy (4
. 27 R J_oo J_rp2

and, thus, we see that

R/2

Puu (K, ky, y)dy (&)

1
q)ww (Kx» ky) ==
R J_gp

Thatis, the traditional wave number frequency spectrumis the span-
wise average of the pointwise spectrum used here. This distinction
between ¢, and ®,,,, disappears when the flow is independent of
y, suchasis almost the case alonglines L1 and L2 in the present flow
(Fig. 2). However, in the inhomogeneous turbulent flow along lines
L3 andL4, ¢, wouldhave beena strong functionof the fixed-probe
location y and the averaging that has not been performed should be
borne in mind when interpreting results.

The Fourier transform in Eq. (2) was also performed by FFT.
To apply the FFT algorithm it was necessary to linearly interpolate
the data to equal intervals in y’ and zero pad it to give a number
of intervals equal to an integer power of 2 (in this case 128). At all
separationsexceptthe smallest, the resolutionand range in y’ before
interpolation was easily sufficient to capture the shape of G, (or
G, or G,,) and its complete decay to zero at larger separations.
The smallestseparation(0.0158¢), however, was too large to resolve
the variation in the cross spectra at small y’ for higher frequencies,
this function becoming more and more like a delta function in y’
with increase in frequency. To examine the effects of this under-
resolution, the linear interpolation at small y” was replaced with a
smooth interpolation based on the Liepmann isotropic turbulence
spectrum.!! This produced no discernible effect on the final wave
number frequency spectrum, at least over the frequency and wave
number ranges of interest here. This result was both surprising and
welcome because we expected the minimum probe separation to
pose a much more serious limit on the measured wave number fre-
quency spectra.

V. Wave Number Frequency Spectra

Figures 5 and 6 show the real wave number frequency spectracal-
culated from the measurements made on lines L1-1.4 about points
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Fig. 5 Wave number frequency spectra at location A/L1 X 10°: a)
Duulii®c?, b) py, /P22, and ¢) P, 2.
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Fig. 6 Upwash w wave number frequency spectra o,,,,/W2c? X 106 at
locations a) B/L2, b) C/L3, and ¢) D/L4.

A-D respectively. Most interesting from the point of view of broad-
band noise predictionis the upwash w components of these spectra.
In the case of L1, however, we also present u- and v-component
spectrabecause they reveal, by comparison, some of the anisotropy
of the turbulence as well as further information about its structure.
The spectra are plotted vs normalized spanwise wave number k¢
and frequency expressed as the nominal streamwise wave number
K,.c = wc/ U, . Inall plots spectral levels have been normalized on
the mean square fluctuation of the relevant velocity component at
the fixed probe location. This ensures that all of the spectraintegrate
to unity.

We begin our discussion with the spectra of Fig. 5, measured on
the centerline of the near two-dimensional part of the wake at loca-

tion A/LIL. It is well known that the far wakes of two-dimensional
bodiesare dominatedby large-scalequasiperiodiceddies. Inevitably
these eddies carry the same spanwise vorticity seen in the mean
flowfield and, thus, have a preferred orientation in the spanwise
direction. It is also known (see, for example, Ref. 12) that these
eddies tend to have smaller spanwise than streamwise extent. All
these features are visible in Fig. 5. The upwash spectrum (Fig. 5¢)
shows a strong peak centered on the K axis at K, ¢ =20, the same
frequency as the peak in the w autospectrumat point A (Fig. 3), pre-
sumed to be the passage frequency of large eddies. The frequency
K,c=20 implies a structure spacing of about 0.3c, which seems
reasonable given the width of the wake at this location (Fig. 2).
Surrounding this peak the spectrum decays away in all directions.
Both the peak and the decay appear stretched, by a factor of 2-3 in
the spanwise direction, indicative of a spanwise correlation length
scale one-half to one-third of that in the streamwise direction. It is
particularly interesting that this differencein scales continues to be
apparent at higher wave numbers. It suggests either that the smaller
scale turbulent motions tend to be organized by the anisotropy of
the large eddies or that the nonsinusoidal components of those
eddies contribute substantially to the spectrum at higher wave
numbers.

Anisotropyin the turbulence structure is also seen when the spec-
tra for different componentsare compared. Unlike the upwash com-
ponent, the axial component (Fig. 5a) reaches its peak values in
a strip along the k, axis. The peak in the spanwise v component
(Fig. 5b) is much weaker than that in w and is displaced to a nega-
tive k, ¢ of about 25. This implies that there is a phase lag between
v velocity fluctuations at location A and those at points along L1.
Suchaphaselagcould be producedby skewing of the coherentstruc-
tures withrespectto the y direction,butin thatcase one would expect
to see the same asymmetry in the upwash spectrum. A more probable
explanationis that the distributionof spanwise flow along the axes of
the coherentstructures is particularly sensitive to spanwise nonuni-
formity and is here biased by the influence of the distant vortex.

Anisotropy in the velocity components and length scales and
quasiperiodicityin velocity fluctuations are fairly common features
of the larger coherent motions that dominate most turbulent flows,
particularly wakes. They are all, of course, absent in homogeneous
turbulence. It is, therefore, hardly surprising that these spectra bear
little resemblance to the highly idealized form of the von Karmén
spectrum (Fig. 7). The semicircular contours of the von Kdrmdn
spectrum simply do not represent the spectral features produced by
the coherent structure of the turbulence or account for the accom-
panying anisotropy of the smaller turbulence scales.

Figure 6a shows the upwash spectrum computed about point B
using measurements along L2 (Fig. 2). At location B the wake is
beginning to be significantly influenced by the vortex velocity field,
which stretches it in the spanwise direction. Stretching should in-
tensify and better organize the dominant spanwise eddies, as well as
increasing their spanwise scale.5 Consistent with this, the spectrum
shows an increase in the intensity of the peak associated with the
eddies (at K, c = 20, k,c = 0) and some change in the shape of the
contours that define it and the surrounding decay. Even at higher
wave numbers the contours are noticeably less elliptical in appear-
ance suggesting an increase in the spanwise scale of the turbulence
compared to the streamwise scale.

0 St ; P e
100 -50 0 50 100k

Fig.7 Von Kidrméin spectrum plotted in terms of K, c and k,c by using
an integral length scale L = 0.03c.
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Figure 6b shows the upwash spectrum for point C/line L3, where
the influence of the vortex on the wake is very strong. The radius of
curvature of the wake here is comparable to its thickness, and the
rates of stretching and skewing it suffers in the tangential velocity
field of the vortex are of the same order as the peak axial veloc-
ity gradients within it.! Despite these influences the wave number
frequency spectrum still shows the same coherent-structure peak
near K,c =20, k,c = 0. This peak is also still visible in the single-
point spectrum (Fig. 3). In both representations, however, the peak
is substantially weakened, perhapsindicating some reductionin the
proportion of the energy in the coherent motions. Moving away
from the peak, the decay of the spectrum with increasein frequency
appears much more gradual than at location A or B. The decay with
increasein k, occurs at about the same rate, however, resulting in a
much more isotropic spectrum. It is as though the highly anisotropic
stretching,skewing, and curvatureexperiencedat this locationact to
break up the larger scale organized motions releasing their influence
over the smaller turbulence scales and, paradoxically, producing a
more isotropic turbulent flow. Although the decay of the spectrum
is more isotropic, it is still quite unlike the von Kdrman spectrum
of Fig. 7, primarily because it is centered on or near the coherent
structure peak, rather than about the origin. (Although much less
clear, a similar effect may be visible in the spectra measured at lo-
cations A and B.) A shift in the origin of a spectrum is equivalentto
a modulation in the time-space domain. It is as though the velocity
fluctuations associated with the smaller structures are modulated
by the dominant large-scale eddies, an inevitable result if one be-
lieves that the small-scale turbulence is not uniformly distributed
throughout the large eddy structure.

Figure 6¢, the upwash wave number spectrummeasured about the
vortex core center at location D, bears little if any resemblance to
spectrameasuredin the spiral wake. The spectral contoursare almost
parallel to the k, axis, with most of the energy in the spectrum being
concentratedin a ridge that runs along that axis. The implication is
that velocity fluctuations in and around the core are concentratedin
very low-frequency motions of small spanwise extent. These mo-
tions are, of course, the vortex wandering. Interestingly, wandering
is not the only feature seen in the spectrum. The depressioncentered
on the K, axis occurs at the same frequency (K ¢ = 35) as the sharp
peak visible in the core center autospectrum (Fig. 3). We suspect
that both are the result of core motions stimulated as the core is
buffeted by the turbulence that surroundsit.

VI. Length Scales

In Amiet’s'! approximation, the influence of the wave number
frequency spectrum on the far-field noise may be represented in
terms of the spanwise correlation length scale spectrum

1 o0
lw) = —/ Guuw(y, Y, @) dy
wa(y,O, a)) 0

= Ulmw(y, 0. )/ G (7. 0, ) ©)

The present measurements were used to compute /(w) at the three
locations A, B, and C in the spiral wake. As indicated, the length
scale can be determined either from the wave number frequency
spectrum or by integration of the cross spectrum as a function of
separation y’. Both methods applied to the present data produced
identical results.

Results are plotted in Fig. 8, where they are compared with the
length scale spectrum implied by the von Kdrmén isotropic turbu-
lence spectrum. This comparison is made by normalizing /(w) on
the length scale L, taken here to be the local half-width of the wake

Tablel Comparison of various measures of the integral length
scale at locations A/L1-D/L4 with the wake half-width L,y

Point A B C D

L, 10.6 7.7 5.5 7.3
Ly, « 2.8 2.7 2.0 33.0
Ly, 6.1 8.5 4.0 0.1
Ly, 9.8 15.0 7.9 —6.8
Ly ke 16.9 12.2 6.7 —_

von Karman

10

e

Fig.8 Lengthscale spectra aboutlocations A-C and inferred from the
von Karman spectrum.

L . listedin Table 1 (length scales in millimeters, 203.2-mm wing
chord) and by normalizing frequency K, (= w/U,,) on the corre-
spondingreference wave numberk, = [T’ (%)/ r (é)]\/n/L, For the
von Kdrmdan spectrum, L is the streamwise integral length scale of
the streamwise velocity fluctuations L,

Ly.= /w Ry (x) dx )
0

where R, is the autocorrelation coefficient function.

Despite the large differences between the von Kdrmdn and mea-
sured wave number frequency spectra, the length scale spectra in
Fig. 8 do show some similarity. At higher frequencies (K, /k, > 4)
all of the measured spectra show roughly the same decay rate as
the von Kdrmén spectrum, having a —1 slope on this log-log scale.
At lower frequencies, however, the influence of the quasiperiodic
large-scaleeddies dominates the length scale, producingmuch more
pronounced peaks than are apparent in the von Karman spectrum.

Some of the quantitative differences between the length scale
spectra may be attributed to the normalization. It would be nice to
be able to use a length scale for the wake spectra that would be
precisely equivalent to the integral scale used with the isotropic tur-
bulence spectrum. However, the anisotropy of the wake turbulence
and the organized large-scale structure that dominate it make it al-
most impossible to define such a scale. To illustrate this point, we
have computed, and presentin Table 1, integral length scales for the
four measurement locations A-D. We present the integral length
scale of the streamwise velocity fluctuations L, , and the analo-
gously defined streamwise and spanwise integral length scales of
the upwash and streamwise components L., ., L,, ,, and L, ,. The
streamwise x correlationfunctions and integrationsneeded for L, ,
and L, , were performed assuming Taylor’s hypothesis.

The differentlength scale estimates vary widely. It is particularly
noticeable that at the points in the spiral wake (A, B, C) the stream-
wise length scale of the upwash component L,, , is consistently
much smaller than the spanwise length scale of this component
L, . This appears in contradiction to the wave number frequency
spectra, which clearly indicate a smaller spanwise than streamwise
length scale. The misleading length scales arise becausethe R,,,, (x)
functionscontainlarge negativeexcursions(directly associated with
the quasiperiodicityin the large eddies) that reduce the correspond-
ing length scale, whereas R, (y) remains entirely positive. One
could, therefore, argue that L,, , is an appropriate length scale and,
indeed,itdoes show some physicallymeaningful variation(growing
as the wake becomes laterally stretchedbetweenlocations A and B).
However, such a measure would be no more appropriate than, for
example, the more easily determined wake width, which we have
preferred to use in this case.

The variability of integral length scales in anisotropic flows is
seen in its most extreme for location D, in the core center. Here the
streamwise integral length scale of the upwash componentbecomes
extremely large because of the wandering. The same motion pro-
duces such large negative regions in the spanwise autocorrelation
function that the resulting spanwise length scale is negative.
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VII. Implications for Sound Radiation from an Airfoil

We will consider the implications of these results to the soundra-
diation from an airfoil in a turbulentstream. Specifically, we use the
results measured at locations A/L1 and B/L2. Because the wake was
locallyhomogeneousin the spanwisedirectionat theselocations, the
measured pointwise wave number frequency spectra provide direct
estimates of the full wave number frequency spectra that would be
used as part of abroadbandnoise prediction. We base our analysison
the formulation given by Amiet,!! who considered sound radiation
from an airfoilin a homogeneousturbulentflow using a von Kdrméan
spectrum. We will compare predictionsof the acousticfield obtained
using this theoretical spectrum with those which would be obtained
using the measurements described in the preceding sections.

Amiet!! gives the spectral density of the sound pressurein the far
field of an airfoil with large span as

1) : 1)
Sp(x,y,2,w) = ( ng“) 7Uqd §£<x, K., CO—i)

X @, <1< “’—y) @®)

CoOoO

2

where x, y, z identify the observer position (using the same coor-
dinate system as that in Fig. 1, except with an origin at the leading
edge of the hypothetical noise-generatingairfoil) and ¢, and p, the
freestream sound speed and density. ®,,,, (K, k,) is defined from
the cross spectrum of the upwash velocity fluctuations as

U, o
By (K. ky) = == / G (v, ¥, @) e dy (9)
s —00

which is the same as Eq. (2), but with the implicit assumption of
homogeneous turbulence. The function ¥ is defined as the Fourier
transform of the blade surface pressure AP in response to a har-
monic upwash gustof the type w, exp[i K, (x —Ux 1) —ik,y] defined
as

L(x, Ko ky) =/ AP K

T exp[iox (M —x /o) [coB?] dx’
0 0%~ oo 0

(10)

An important feature that is included here is the dependence of the
far-field sound on the spanwise wave number k.

To simplify his result, Amiet!! also considered the case when the
cross spectrum in Eq. (9) decayed sufficiently rapidly that the ex-
ponential term in the integrand could be ignored for the values of
k, needed in Eq. (8), i.e., so that ®,,, (K, k,) could be replaced by
®,, (K., 0) expressedin terms of the length scale spectrum/ (w) de-
fined in Eq. (6). Because the maximum value of k), neededin Eq. (8)
is roughly equal to K, we may examine Amiet’s'! approximation
by comparing ®,,,(K,, 0) and ¢, (K., K,), as is done in Fig. 9.
This comparison shows some differences, in particular a shift in the
spectral peak between @, (K, 0) and &, (K|, K ). For the mea-
sured spectra the peak shifts to lower frequencies and is reduced by
~4 dB. The von Kdrmdan spectrum shows a smaller reductionin the
peak frequency and not as large a drop in level. To assess the impli-
cations of these differenceson the far-field soundradiation, we need
to evaluate Eq. (8) with the correctdependenceof the blade response
function on spanwise wave number, as is done subsequently.

Figure 9 also provides a comparison of the measured and the von
Karman spectra as they would be used in a noise computation. It
revealslarge differencesbetween the theoreticaland measured spec-
tra at lower frequencies. Because differences in the shape of ®,,,,
will lead to similar differencesin §,, we conclude that, in the con-
text of noise prediction, the von Karman model does not adequately
represent the turbulence spectrum of the present wake flows.

To incorporate the dependence of the blade response function
on spanwise wave number, we idealize the blade as a semi-infinite
flat plate, allowing the response function to be written in a simple
algebraic form. We write

. o
o —ipowoUye™ 7"

AP(x' ky) =/

7 - dy
—oo TPk, + kM + K)2(k, —kM + )2

an

10log(9mk 20, , /4w?)
)
()

_25 _ ..... —y d)ww(Kx,O) ;
: - Ll’ <|>WW(K.X’KX) @

— == L2, ¢,.,(K.0) “g
wew 12,0,,(K.K) g
— vK, 0,,(K,0) ¥
- VK, ¢, (K.K) 15

L B R

A
1 Kk, 10
Fig.9 Plotsof ¢, (K,, 0)and ¢, (K,, K, ) for locations A/L.1 and B/L2

and for the von Kirman spectrum; at location A, k.c = 9.0, and at
location B, k.c = 12.4.

where k = K, M/B? and k* = «? — k* / g%. The function ¥ defined
in Eq. (10) is then obtained by noting that the limits of the integral
can be extended to plus and minus infinity because AP = 0 when
x’ is less than zero. Thus,

|
inBk, + kM + K)E(k, — kM + )3

L(x, K, k) = (12)

evaluated with y = w(M — x /o) /coB*. Substituting the spanwise
wave number required in Eq. (8), we obtain

B
imK.M?*(1+ Mcos6)?(cosd — x/o)?

L(x, K, ky) = (13)

where sinf = yS/o.

By substituting Eq. (13) and the measured or von Kdrmén spec-
trum into Eq. (8), the directionality of the radiated sound field can
now be evaluated, accounting for the three-dimensional blade re-
sponse function. However, it is common practice in the analysis
of broadband noise from flow over airfoils to use two-dimensional
strip theory. In two-dimensional strip theory the blade response at
each spanwise station is assumed to be the same regardless of the in-
coming spanwise wave number. This is equivalent to assuming that
k. =k in Eq. (12) or y =0 in Eq. (8). Therefore, we also evaluate
the directionalityusing this approximationeven thoughit introduces
significant error.

Figure 10 compares the directionality of the acoustic field given
by Eq. (8) in the x =0 plane using the measured turbulence
spectra and the von Kdrmén spectrum for both the two- and three-
dimensional theories. Results are shown for a hypothetical flow
Mach number of 0.7 for two different values of frequency K. At
the lower frequency (K, /k, = 1.5, K,c ~ 15; Fig. 10a), the three-
dimensional theory applied either with the von Kdrman or the mea-
sured spectra predicts significantly less directionality than the two-
dimensional theory. Comparing the three-dimensional results, we
see significantly less directionality when S, is computed with the
measured spectra than when the von Karman spectrumis used. The
reason for this difference becomes apparent when Figs. 5c and 6a
and Fig. 7 are compared. The wake spectrahave alessrapid variation
with k, than the von Kdrmédn spectrum because of the anisotropy
of the wake turbulence. What directionality there is with the mea-
sured spectrumis almost entirely due to the three-dimensionalblade
response function and dipole directivity. The higher frequency ex-
ample (K, /k, =6, K .c~ 65;Fig. 10b) shows a similar result. Here
forthe von Karman model, the effects of the three-dimensionalblade
response function and the effects of the spectrum on the direction-
ality combine so that the three-dimensional theory agrees with the
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Fig. 10 Comparison of directivity calculated using the three-
dimensional blade response functionand L1, .2, and von Kdrmaén spec-
tra, with the dipole directivity given by two-dimensional strip theory at
a)K,/k, = 1.5 and b) K, /k, = 6.0.

two-dimensional theory at angles of less than 50 deg. However, this
does not happen for the measured spectra where the directionality
is still largely produced by the three-dimensional blade response
functionand dipole directivity. Around this frequency the measured
spectra (Figs. 5c and 6a) are almost constant with k), for values much
less than K, and, thus, the spectral values used in the computation
of §,, are barely influenced by the variation of the spanwise wave
number.

Therefore, we conclude that for the measured spectra Amiet’s!!
approximation is valid and that &, (K,,k,) may replaced by
®,,(K,,0). This approximation, equivalent to assuming that the
spanwise scale of the turbulence is very much less than the acous-
tic wavelength for all frequencies, implies an important simplifica-
tion to broadband noise methodology, because directionality in the
spanwise planeis determined purely by the three-dimensionalblade
response function.

VIII. Conclusions

Two-point velocity measurements, performed with a movable
probeat varying spanwise separationsrelativeto a fixed probe, were
made in the wake of a rectangularNACA 0012 half-wingat a 5-deg
angle of attack. Such profiles were measured at four locations, in
the near two-dimensional part of the wake, in the stretched region
where the wake begins to wind around the vortex, directly above the
vortex core, and radially from the core center. For each profile, wave
number frequency spectra about the location of the fixed probe were
calculated.

Dominated by the large-scale organized motions present in the
wake, the spectra show little similarity with the von Karmén
isotropic turbulence model. Outside the core, the upwash spec-
tra contain a single maximum at the passage frequency of these
large structures. The motions associated with this peak are highly
anisotropicboth in terms of velocity components (wave number fre-
quency spectra of different components being quite unalike) and in
terms of length scales (all of the spectra appear stretched to varying
degrees indicating that the spanwise length scale of the turbulent
eddies is lower than the streamwise length scale). Opposite from

what one might expect, the differences in scales do not disappear
at higher wave numbers, suggesting either that the smaller scale
turbulent motions are organized by the anisotropy of the large ed-
dies or that the nonsinusoidalcomponents of those eddies contribute
significantly to the spectrum at higher wave numbers. The form of
the spectra also suggests that the large eddies may to some extent
modulate the smaller scale motions.

The implications of these results for broadband noise prediction
have been assessed by considering the sound radiation from tur-
bulent flow over a semi-infinite flat plate. It has been shown that
the directionality in the spanwise direction is influenced by both
the blade response function and the spanwise variation of the flow.
The major conclusion, however, is that the correlation length scales
of the flow are small compared to the acoustic wavelength and so
are well represented by their values at zero spanwise wave number.
However, the blade response function has a variation with spanwise
wave number that cannotbe ignored and significantly influences the
spanwise directionality.
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